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Abstract 

The gravitational effective average action is studied in a bimetric truncation with a 
nontrivial background field dependence, and its renormalization group flow due to a scalar 
multiplet coupled to gravity is derived. Neglecting the metric contributions to the cor- 
responding beta functions, the analysis of its fixed points reveals that, even on the new 
enlarged theory space which includes bimetric action functionals, the theory is asymptoti- 
cally safe in the large expansion. 



1 Introduction 



The gravitational average action [1] is a universal tool for investigating the scale depen- 
dence of the quantum gravitational dynamics. It can be used in both effective and fun- 
damental field theories of gravity. In particular it has played an important role in the 
Asymptotic Safety program [2, 3, 4]. In fact, the effective average action seems to evolve 
along renormalization group (RG) trajectories which have exactly the properties postu- 
lated by Weinberg [2], that is, in the ultraviolet (UV) they run into a nontrivial fixed 
point with a finite dimensional UV-critical surface [l]-[36]. A complete and everywhere 
regular RG trajectory then defines a fundamental and predictive quantum field theory of 
gravity. At every fixed coarse graining scale the effective average action [37]- [40] gives rise 
to an effective field theory valid at that scale. This property has been exploited in some 
first phenomenological investigations of asymptotically safe gravity [41]-[51], for instance 
in inflationary cosmology [45], sec also [52]. 

One of the key requirements every future fundamental quantum theory of gravity must 
meet is that of "background independence" [53]. Loosely speaking this means that none of 
the theory's basic rules and assumptions, calculational methods, and none of its predictions, 
therefore, may depend on any special metric that is fixed a priori. All metrics of physical 
relevance must result from the intrinsic quantum gravitational dynamics^. While in loop 
quantum gravity [55, 56, 57] and in the discrete approaches [58]-[61] the requirement of 
"background independence"^ is met in the obvious way by completely avoiding the use 
of any background metric or a similar non-dynamical structure, this seems very hard to 
do in a continuum field theory. In fact, in the gravitational average action approach [1] 
"background independence" is implemented by quite a different strategy: one introduces 
an arbitrarily chosen background metric g^i, at the intermediate steps of the quantization, 
but verifies at the end that no physical prediction depends on which was chosen. In this 
way one may take advantage of the entire arsenal of techniques developed for quantizing 
fields in a fixed curved background. However, what complicates matters as compared to the 
usual situation, is that the background spacetime is never concretely specified; hence there 
is no way of exploiting the simplifications that would arise for special, highly symmetric 
backgrounds such as Minkowski or de Sitter space, say. In a sense, one is always dealing 
with the "worst case" as far as the complexity of the background structures is concerned. 

^See [30] and [54] for a more detailed discussion of this point. 

^Here and in the following we write "background independence" in quotation marks when it is supposed 
to stand for the above general principle, rather than for the independence of a background field. 
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On the other hand, the crucial advantage of this approach is that it sidesteps all the 
profound conceptual difficulties and the resulting technical problems that emerge when 
one tries to set up a quantum theory without any metric at the fundamental level. The 
difficulties one faces in a program of this type are comparable to those encountered when 
one tries to quantize a topological field theory on a manifold which carries only a smooth 
but no Ricmannian structure. 

Thus, from now on we assume that the gravitational degrees of freedom can be encoded 
in a metric tensor field. We fix a background metric ^^jy and quantize the nonlinear 
fiuctuations of the dynamical metric, /i^j,, in the "arena" provided by ^^i^, and we repeat 
this quantization process for any choice of g^^. In this manner we arrive at an infinite 
family of quantum theories for /i^j,, whereby the family members are labeled by a classical 
(pseudo-) Riemannian metric g^u- 

The dynamical content of this family is fully described by an effective action r[hn^; g^J\ 
which depends on two arguments^: the expectation value of the fluctuation, h^^, = {h^^), 
and the background metric. If the background-quantum fleld split is chosen linear, the 
expectation value hni, gives rise to a corresponding expectation value 

9fiu^gnu + hi^^ (1.1) 

of the metric operator 7^^, i.e., g^,^ = (7^^,) where 7^^, = g^,^ + h^^. The action r[/i;^] 
entails an effective field equation which governs the dynamics of hfj,v{x) = hfji,i,[g]{x) in 
dependence on the background metric: 
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-T[h;g]^Q. (1.2) 



For special, so-called "self-consistent" backgrounds g^^ = (7^° it happens that eq. (1.2) is 
solved by an identically vanishing fluctuation expectation value hf^,,[g^^l^'^°^]{x) = 0. Then 
the expectation value of the quantum metric g^i, = gfj,i,[g] equals exactly the background 
metric, g^i, — g^^,. The deflning condition for a self-consistent background, 

TT^nh-.r^'n, =0, (1.3) 

is referred to as the tadpole equation since it expresses the vanishing of the fluctuation 
1-point function. In fact, the corresponding n-point IPI Green's functions for generic g are 
given by 

T[h;g]_ . (1.4) 



Shfj,^{xi) Shpa{xn) 



h=0 



^For simplicity we ignore the Faddeev-Popov ghosts and possible matter fields here. 
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It is a well known "magic" of the background formalism that by using an appropriate 
gauge fixing condition [62] a set of on-shell equivalent Green's functions is generated by 
differentiating the reduced functional r[^] = r[/i;^] _ with respect to g^i,: 

, , r[^]. (1.5) 

The Green's functions (1.4) and (1.5) are equivalent on-shell only if the quantization scheme 
employed respects the background-quantum field split symmetry in the physical sector. It 
expresses the arbitrariness of the decomposition of Q/^i, as a background plus a fluctuation. 
In the linear case the corresponding symmetry transformation are 

Sh/^^ = e^^, 6g^^ = -e^^ (1.6) 

for any e^,^. If the split symmetry is appropriately implemented at the quantum level, the 
reduced functional r[^] which depends on one argument only has exactly the same physical 
contents as the more complicated r[/i; ^]. 

Up to now we tacitly assumed that the microscopic (bare) action governing the dynam- 
ics of 7ju,^ is known a priori, as this would be the case in an ordinary quantum field theory. 
In the Asymptotic Safety program [2], the situation is different: the pertinent bare action 
is not an input but rather a prediction of the theory. More precisely, the idea is to set up 
a functional coarse graining flow on the space of all (diffeomorphism invariant) functional 
r[h; g], to search for nontrivial fixed points of this flow and if there are any, to identify the 
bare action with one of them. This construction yields a quantum field theory with a well 
behaved UV-limit. 

This idea has been implemented in the framework of the gravitational average action 
[1, 14]. Here one defines a coarse grained counterpart of the ordinary effective action, the 
effective average action rk[h;g], in terms of a functional integral containing an additional 
mode suppression factor exp (— A^S*) quadratic in h, and performs the coarse graining by 
suppressing the contributions of the /i^j,-modcs with a covariant momentum smaller than 
the variable IR cutoff scale k [37, 38, 39]. The /c-dependence of the effective average action 
rk[h;g] is governed by a functional RG equation (FRGE) which defines a vector field (a 
"fiow") on theory space. At fc = 0, the average action Tk equals the ordinary effective 
action F, and only the gauge fixing term breaks the split symmetry. Hence, for k = 0, 
rk[h;g] does not contain more gauge invariant information than the reduced functional 



^kig] = ^k[h;g] 
It is crucial i 

not generalize to A; > 0. At every nonzero scale k the coarse graining operation unavoidably 



does. 

^1=0 

It is crucial to realize that this (on-shell) equivalence of the two functionals at k — does 
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leads to an additional violation of the split symmetry since the action AkS is not invariant. 
It contains and separately, not only in the split invariant combination JifMu + Qfiu- In 
a sense, TiJ\h\ g] contains more information than Tk[g\ if /c > 0. An immediate consequence 
is the well known fact [38, 1] that it is impossible to write down a FRGE in terms of the 
reduced functional Tk [g] alone. The actual theory space is more complicated, consisting of 
functionals with two metric arguments and, to be precise, also ghost arguments and C^, 
respectively: Ffcf/i^i^, C^, C^; g^u]- Often it is convenient to replace ^^j/ with g^i, = g,j,y + h,j,v 
as the independent argument 

Vk[g, g, C, C] = Fkih ^ g - g,C,C;g] . (1.7) 

In the r,fc[5f, C, C; (?] -notation the second argument parametrizes the so-called extra back- 
ground field dependence, i.e., that part of the ^^,y-dependence which does not combine with 
a corresponding /i^,^-dependence to a full metric ^^j^ + h/^i, = gij,^- If the split symmetry 
was intact we had jrTklg, g, C, C] — 0. In general has a nontrivial dependence on 
though, and so we can rightfully call Ffe a bimetric action. 

The enlarged theory space is the price one has to pay for the "background independence" 
of the average action approach. Including a matter field A{x) its "points" are functionals 
r[A, g, g, C, C] which are invariant under arbitrary diffeomorphisms acting on all arguments 
simultaneously. If v'^ is a generating vector field and Cy the corresponding Lie derivative 
we have, to first order in v^, r[A + C^A, g + C^g, g -\- C^g, • • • ] = ^[A, g,g, — For later 
use we write down the resulting Ward identity, for simplicity at C = (7 = and for a scalar 
matter field: 

5T[A,g,g\ ^ - 5V[A,g,g] 5V[A,g,g] _ 

Here and in the following the covariant derivatives and refer to the Levi-Civita 
connections of g^v and g^^, respectively. 

Up to now almost all applications of the gravitational average action employed a trun- 
cated theory space with functionals of the form T[g,g, C, C] = T k[g] + classical gauge fixing 
and ghost terms, where Tk[g] = rfc[^,^,0,0]. Hence in practice one had to deal with the 
RG evolution of a single metric functional only, rfe[^]. In ref. [30] a first example of an 
RG flow with a nontrivial bimetric truncation was analyzed, albeit only in conformally 
reduced gravity rather than the full fledged theory. In [30] also a number of conceptual 
issues related to the bimetric character of the average action approach have been explained; 
we refer the reader to this discussion for further details. A similar calculation in a different 
gravity theory has been performed in [63]. 
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The purpose of the present paper is to perform the first investigation of a bimetric RG 
flow involving the full fledged gravitational field. To be precise, we compute the contri- 
bution of scalar matter fields to the beta functions of various Newton- and cosmological 
constant-like running couplings which parametrize rk[A,g,g] in certain truncations. The 
quantum effects originating from the gravitational sector arc neglected, which allows to 
avoid the additional technical complications linked to the gauge-fixing of the theory. The 
resulting RG flow is simple enough to be investigated analytically in a completely ex- 
plicit way. This enables a detailed study of the conceptual points underlying the bimetric 
truncations by identifying and highlighting the general aspects, which will be central to 
more sophisticated computations in the future [64, 65]. As a spin-off, we re-examine the 
Asymptotic Safety conjecture within a large- approximation [15, 17], which gives the first 
insights on how important the nontrivial bimetric dependence of actually is. 

The remaining sections of this paper are organized as follows. In Section 2 we analyze 
the RG behavior of the most general bimetric non-derivative term contained in the average 
action, y^Yjt(gi^,^, ^^,^). Here the fluctuation h/^i, — g^i, — g^i, is not required to be small. 
In Section 3 we employ a complementary truncation of r^, based on a systematic h^,^- 
expansion which includes all interaction terms built from up to two derivatives and up to 
flrst order in hf^u- We derive the RG flow on the corresponding flve-dimensional theory space 
and analyze its flxed point structure. The technical details underlying this calculation are 
relegated to the Appendix. As an application, the resulting /c-dependent tadpole equation 
for self-consistent background geometries is discussed in Section 4. Finally, Section 5 
contains our conclusions. 

2 The Running Cosmological Constants 

In the following we consider a multiplet of Ug quantized scalar fields {Aj) = A, I = 
1, ■ ■ ■ ,ns, coupled to classical gravity. We quantize the scalars by means of a (truncated) 
functional fiow equation, being particularly interested in the gravitational interaction terms 
induced by the quantum effects in the matter sector. In most parts of the analysis we take 
the scalars free, except for their interaction with gravity. The system is described by an 
effective average action rfc[A, g, g]. Even in this comparatively simple setting where gravity 
itself is not quantized this action is "bimetric" : it depends on the full metric gf^i, since the 
scalars couple directly to it, and it also depends on g^j^^, because it is the background metric 
which enters the scalar mode suppression term AjtS'[74; ^] = |/ d'^x ^/g A{x)TZk[g]A{x) 
where TZk[g] is the coarse graining operator [37, 38, 1]. 
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2.1 The functional RG equation 

The FRGE for the quantized scalars A{x) interacting with classical gravity reads 



dtrk[A,g,g] = iTr 



T^^\A,g,g]+n[g]y'dtn,[g] 



(2.1) 



As gravity is not quantized here, the trace is over the fluctuations of the scalars only, and 
the Hessian F^^^ involves functional derivatives with respect to A only. As usual, t — Ink 

denotes the "RG time". 

In the following it will be important to carefully distinguish the volume elements ^ 
and ,/g, respectively. The matrix elements of the Hessian operator contain two factors of 
the latter. 



Products of operators such as F^^'' arc defined in terms of their matrix elements as (^AB) 



xy 



J d'^z^^/g{z) Axz 13 zy, and the position representation of the trace in (2.1) reads Tr (^A) = 
J d'^x^yg{x) Axx- Furthermore, if some operator has matrix elements Axy, we define 
the associated (pseudo) differential operator ^^iff-op (Af)^ = J <l'^y\Jg{y) Axy fy = 
(^'^'*^"°P/) (x) for every "column vector" = f{x). We shall write □ = g^^^'D^D^, and 
□ = g'^'^D^Di, for the Laplace-Beltrami operators belonging to g/j^i, and gf^u, respectively. 

2.2 The truncation ansatz 

To start with, we explore the contents of the FRGE (2.1) with the following ansatz: 
rk[A,g,g]^ Jd''x^{y^''d,Ad,A+'^mlA^) + ^ J d^'x^ Yk{g^,{x),g^,ix)) . (2.3) 

Here A always stands for (^ij), I — 1, - ■ ■ lUg. The ansatz (2.3) is taken to be 0{ns) 
invariant; appropriate sums over the index I are understood {A^ = AjAj, etc.). The first 
term in (2.3) is the action of a standard scalar coupled to the full metric gfj_i,, the last 
represents a generalization of the running cosmological constant induced by the scalars. 
It is assumed to contain all possible non-derivative terms built from g/j^i, and g^i,. For the 
time being we discard induced derivative terms. In particular the running of Newton's 
constant G is neglected. The normalization and the explicit factor of ^/g in the second 
term on the RHS of (2.3) are chosen such that the constant term of the function equals 
the cosmological constant: 

^k{g^,u: g„.) = Ait + "more" . (2.4) 
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In order to project out the beta function of it is sufficient to insert x- independent 
metrics g^i, and g^i, into tfie FRGE. In tfiis case tfie Hessian resulting from the ansatz (2.3) 
is 

rf\A,g,g] = ^^{-D + ml) , (2.5) 
where we employed the differential operator notation. 

2.3 The cutoff operator 

Now we come to a crucial step which highlights the role of the background metric: the 
construction of the cutoff operator. Recalling that TZk may depend on the background 
metric only, we define it by the requirement that upon adding TZk to the Hessian and 
setting g = g the operator (— □) which then appears in T^. [A,g,g] must get replaced by 
— □ + k'^R^^^ ( ~ n/ A:^) . Here R'^'^^ is an arbitrary shape function [37, 39] with the standard 
properties R^^\0) — 1 and liuiz-^^ R^^\z) — 0. The condition 

leads to an operator which at first sight appears familiar, 

n,[g]^nk{-n) = k'R('\-n/k') (2.7) 

which, however, appears in the FRGE combined with the Hessian for g^ti, different from 

[A, g, -g] + UM = ^ + ^1) + k' R^'^ ( - U/k') . (2.8) 

Most of the unfamiliar features we are going to find in the following are due to the interplay 
of the standard cutoff operator TZ^ with a Hessian containing the ratio of the volume 
elements -y/g/^/g- 

2.4 The RG equation for 

The trace of the flow equation is easily evaluated in a standard plane wave basis now. With 
m = fhk/k we have: 

V9 Ot Yk[9,., 9,.) «7rG J ^^^^^ {^g j ^{g.'^ + Ri^) {^'^ + m^i^gl^g) ' 

(2.9) 

The integral on the RHS of this flow equation represents a scalar density which depends on 
two constant matrices, g'^^ and g'^^ . It cannot be evaluated in closed form. In the following 
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we calculate it for two special cases, namely for g'^'^ and g'^'^ both proportional to the unit 
matrix, and by expanding in their difference g^u — g^lu = h^^. 



2.5 The volume element truncation 

Now we make a further truncation and restrict to depend on the metrics via their 
volume elements only: Yfe(g'^,^, ^^,^) = Vk{\/g i \/g) ■ In this case, the beta function of Vk 
can be found by inserting two conformally flat metrics 

g^,,, = 5^^ , g^^ = 5^,^ (2.10) 

into the flow equation (2.9) and keeping track of the constants L and L. One then observes 
that dtPk actually depends on the ratio ^Jg/^ = {L/LY = p'^ only. Thus, setting 
^k{9u.u-,9ixu) = Qk{p'^) with p = L/L, we obtain 

O^Qkip^) ^ 1,.vMp^ r,y//^-^^m^y^^. (2.U) 

Here, Vd = [2'^+^Tr'^/^T{d/2)y\ y = L-^d^^Qf^q^, and 

R^'\y) = p"-' R^'^^y) . (2.12) 

From now on we employ the "optimized" shape function [40] R^^^y) = (1 — y)0{l — y), 
whence 

dtQkip")^ IGnVdGn.k^ p'' Jd{a,p). (2.13) 

Here 

a = p^-'^ - 1 = {L/Lf-'^ - 1 , pL = m^p-'^ , (2.14) 

and ^ 

Ja{a,p)= f dyy''/^-'[l + p + ay]-\ (2.15) 

The integrals (2.15) can easily be computed explicitly. Let us specialize for d = 4 now. 
Then 

1 r ,1-1- //, / ri. \ 1 

(2.16) 



jA{0i,IJi) = - 

a 



l-(l±i^)lnfl + ^') 



and the flow equation reads 



dtQkip'') = ^n,k^ p^'Ma.p) . (2.17) 



At first, let us neglect the scalar mass, setting m = and = therefore. Then 

Stt 
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the RG equation (2.17) can be integrated trivially: Qk — Qk=o + ^ Tigk^ p^Ia{oi), where 



we abbreviate l4,{a) = J'4{a,0). As for the constant of integration, Qk=o, it is important 
to recall that the (7^jy-dependence of Fk is entirely due to the cutoff 7lk[g] in the case at 
hand as we have no gauge fixing terms. As a result, and in particular Y^. must become 
independent of g at k = since TZk[g] vanishes there. This implies that Qk=o may not 
have any p-dcpcndcncc. In fact, it equals the "ordinary" cosmological constant Aq which 
multiplies the volume element ^/g in the effective action F = Fq: 



OTT 



(2.18) 



Using (2.18) in the truncation ansatz (2.3) we obtain the following explicit representation 
for the non-derivative terms in the average action: 



T^non-deriv 

^ k 



[A,g,g] 



8ttG 



d'^x^/g Aq 



k* / d^x 



\/g 



647r2 J 1 - 

This is one of the our main results, and several comments are in order here 



l + i{l-yVWi}"ln(^ 



(2.19) 



(A) Obviously the induced non-derivative terms are neither proportional to y/g nor to ^/g 
but rather to a complicated function of their ratio, times an extra factor of ^/g. (The 
explicit factor of on the RHS of (2.18) has converted the ^/g in the ansatz J ^/g to 

a Vg-) 

(B) The induced term is regular for any ratio g/g e (0, oo). In fact, writing (2.19) as 

Ao 



T^non-deriv 

^ k 



87rG' 

and using the expansion 



h{a) 



^-^a + ^a^ + 0(a=^). 



(2.21) 



we see that actually F)l°""'^""[y4, (yf^i^, has no singularity at a = 0, i.e., at g = g. 

(C) Let us specialize the result for the regime g ^ g. This amounts to expanding in the 

fluctuation variable 1%^^ = g^y — g^y or, equivalently, in the variable a since 



a^{g/gf''-l = \K + hKf 



-h,^h^'^ + 0{hl). 



^-fi ' 32 ^'^^ ' "v/ii//- (2.22) 

(Here indices are raised and lowered with g^i,.) The essential quantity in (2.20) is ^/g 14(a). 
The first few terms of its a expansion read 



Vg h{a) = ^Vg- ^ 



\l\/W9-\/g +\ ^/g-'^\l \/g^/g + \/g 



(2.23) 
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In the g ^ g regime there is clearly no preference for gi-monomials over ^-monomials or vice 
versa, so the truncation ansatz cannot be simplified accordingly: any meaningful truncation 
is genuinely "bimetric"! Note also that the monomial \/ \fg\fg which was individually 
included in the truncation studied in [30]^ never is generated in isolation. According to 
(2.23) it is always accompanied by other, a priori equally important terms involving 
and y^. 

(D) It is instructive to rewrite the expansion about g = g \m terms of h^xv Up to linear 
order the relevant terms in rjt[74, gf^^, = 

\xv '-i s-re 
^(0) . ^(1) . . 

rr"-n^, ^] = ^ y ^'^^ + s^fe ■ 2 y ^'"^^ ^''^^"^ + ^^-^^^ 

Here t\>^ is a background cosmological constant multiplying J rather than J y^, and 
A^,^'' is an analogous, but numerically different running coupling in the (only) term linear 
in hfj,,^. Explicitly, 

Ar=Ao + ^Gfc\ A^^=Ao-^Gk\ (2.25) 

Note the different signs on the RHS of the equations: A^°^ increases, but A[.^^ decreases for 
growing k. Note also that when k ^ the RHS of (2.24) cannot be written as a functional 
of the single metric g^i, + hfj,^ = g^u alone as this would require it to be proportional to 
\/g = Vd + \\fg g^^hf^u + 0(/i^^). But this is not the case just because hf^ ^ A[,^^ . 

(E) Computations within the setting of single metric truncations retain only the terms of 
zeroth order in h^u- They equate the two metrics gfj_,y and gf^„, and traditionally denote the 
one metric which is left over then by gn^. In this setting, eq. (2.24) would boil down to 

a(0) . 

pnon-dariv,Bingle metric^^^ ^| ^ _^ / ^4^^ _ ^2.26) 

SttG J 

Thus, in a single metric truncation, it is the parameter A^.^"* which would be interpreted 
as "the" cosmological constant, the one, and only one, responsible for the curvature of 
spacetime. From the more general perspective of the bimetric truncation we understand 
that this is actually missleading. We shall discuss this point in detail in Section 4. 

(F) We saw that, in the regime y^ ^ y^, the true cosmological constant monomial 
y^ plays no distinguished role. Next let us see whether this could be the case when 
\/9 \/9- Lf'^^ ^^f' ti'y expansion in cr^ = \/ -^fgj \fg <C 1. In a cr^-expansion of (2.20) with 

■^Note, however, that \J ^\fg plays a distinguished role in the conformally reduced gravity setting of 
[30]. It amounts to a mass term of the scalar field appearing there. 
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a = a —1 there would indeed appear a y/g monomial in isolation, the first few terms of the 



power series being ^/gia'^)° = y^, ^/g{a'^)^ = sj ^fg^fg-, ^ip'^f = V^, ^/gi'^'^f = 
(^3/1(^-1/4^ ■ ■ ■ . However, taking the explicit form of I4 into account one finds that an 
expansion of this type actually does not exist, since /4(a = — 1) ^ — (1 + Incj^) when 
o" <^ 1. Hence I4 is not analytic at o"^ = 0. So the conclusion is that in this regime, too, 
the y^-monomial plays no distinguished role in the truncation. (The same is true for the 



^Vd term considered in [30].) 
(G) Up to now, the scalars A were assumed massless. If we allow for a non-zero dimension- 
less mass m = rfik/k so that now // = {'fn\/ k'^){y/g / , the RG equation (2.17) no longer 
can be integrated trivially. The general properties of the flow are clear though: if /c 3> m^, 
the matter field is still approximately massless and the above discussion applies. If, on 
the other hand, k <^ rhk the scalar decouples and its contribution to the running of Qk 
becomes tiny. If we neglect the running of the dimensionful mass fhk = M the parameter 
fjL diverges oc 1/k'^ below the threshold at A; = M. Expanding J{a,iJi) — ^ + O(^) we 
obtain the leading term below the threshold: 



— n (—\ 



(2.27) 



In the massive regime an extra factor k'^/M'^ ^ 1 suppresses the running of the non- 
derivative term. Here, again, it is not of the standard y^-form, but rather proportional to 

g/Vg- 

(H) So far, the discussion was based upon an evaluation of the integral formula (2.9) for 
metrics Qf^^ and g^^, which are conformal to 5^^, see (2.10). If one wants to know the 
tensorial structure of the terms in one must go beyond this special case. A systematic 
strategy for doing this is an expansion in hij,i, — g^, — g^v, whereby g^^,^ and g^i, are still 
constant matrices, but not necessarily proportional to 5^,^. Carrying out this expansion up 
to linear order in /i^^ we find a result of the form (2.24), generalized for arbitrary d, with 

^f-^o + j^^,l^\/MGk\ 

(A o^ (2.28) 
-^0- (4^)d/2-i — ^ — *d/2+i(U)Gfc . 

Here the $'s arc the usual i?*^*^)- dependent threshold function of ref. [1], see also eq. (A. 18) 
in the Appendix. If one specializes for = 4 and the "optimized" the result (2.28) 

accidentally coincides with the one obtained from the conformally flat ansatz (2.25). As 
(2.28) contains different ^-functions, they depend on R^^^ in a different way. This implies 
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that any special relationship between the two cosmological constants and which 
one might invoke, for instance in order to restore split symmetry, cannot have a universal 
(scheme independent) meaning at /c 7^ 0. 



3 A systematic derivative- and /i^j^-expansion 

In this section we explore the matter induced gravitational coupling constants in a differ- 
ent parameterization of the average action. It comprises the first terms of a systematic 
expansion of T^IA, g, g] = T^IA, h; g] in powers of h/^i, and the number of derivatives. 



3.1 The truncation ansatz 

In the following, we will consider an average action of the form 
r.[^, hr9]=- / d'x^g (r - 2Af ) 



1 



d'xy/^ (a^^ -iE,r''R+ Ai'^ r") v (3-i) 



.(1) 

+ I d'x^ d^'^^ d^A d^A + Uk{A)) _ _ 

Here R is the curvature scalar built from the background metric, G'^^ = g'^'^g^'^Gpa, and 
G^i, = R^i, — \g^i, R denotes the background Einstein tensor. The functional (3.1) is 
obviously invariant under diffeomorphisms acting simultaneously on /i^,^. A, and re- 
spectively. The gravitational part of this ansatz is complete in the sense that it contains 
all possible terms with no or one factor of h^j^i, and at most two derivatives. The latter can 
always be arranged to act on g^,^, and diffeomorphism invariance then implies that they 
occur as contractions of the background Riemann tensor. The matter part of (3.1) has 
the same structure as in the previous section; now g^^^, is to be read as an abbreviation for 
9ny + h^y, though. 

There exist two /i^i,-independent field monomials with zero and two derivatives, respec- 
tively, namely / and J \/g R- In eq. (3.1) the corresponding prefactors are proportional 
to Af^ /G^^^ and 1/Gf\ respectively. In the sector with one power of hut, there are three 
possible tensors structures for the corresponding one-point function, namely G'^" and g'^'^R 
with two, and g^'^ with no derivatives. Their prefactors define new running couplings 
1/G^^\ Ek/G^^\ and A.^^^ /G^^\ respectively. (The superscripts (0),(1),... indicate the 
/i^i,-order in which the coupling in question occurs.) 
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^(0) 


Ek = 


0. 



The functional (3.1) is defined for completely independent fields h^i, and g^^', hence 
has an "extra" ^^,^-dependence in general which does not combine with to a full metric 

9fiu = Ofiu + h^i^. Nevertheless it is instructive to consider (3.1) for the special case of no 
extra (?^^- dependence. The background-quantum field split symmetry is intact then and 
Ffc depends on and h^^ via their sum only. The resulting gravitational part is obtained 
by expanding the Einstein-Hilbert action, 

+ ^] ^ "TTT^W / ^'^^ (^(^) - , ' (3-2) 

up to terms of first order in h/^i,. The expansion is of the form (3.1) with special coefficients, 
however: 

(3.3a) 
(3.3b) 
(3.3c) 

It needs to be stressed that the relations (3.3) are not satisfied in general. Since the 
cutoff term A^S breaks the split symmetry, does have an extra background dependence, 
and so the terms with one power of hfj_i, are not the linearization of any functional depend- 
ing on the sum ^^j, + hni, only. As a consequence, we encounter two running couplings, 
and G^,^\ both of which are related to the classical Newton constant, but have a dif- 
ferent conceptual status and numerical value. The same remark applies to the running 
cosmological constants A^"'' and A^^-*. 

Furthermore, we emphasize that when the split symmetry is broken there is no sym- 
metry principle that would force the second derivative terms with one hfj^^, factor to be 
proportional to the Einstein tensor. There are actually two independent tensor structures, 
R^'^h^jy and Rg^^h^y, respectively; they can equivalently be chosen as G^^h^y together 
with Rg^'^ h^tj. Hence ^ {) m general. (The implications of a non- vanishing for the 
effective field equations will be discussed below.) 

If, as in the system discussed in the present paper, the cutoff term A^S* is the only source 
of split symmetry violation the average action looses its extra (^-dependence in the "physical 
limit" A; — )■ 0. We expect the relations (3.3) to be satisfied then. In non-gauge theories the 
ordinary effective action limfe_^o Tfef^, 5', ^] = r[A, gi] has no "extra" ^-dependence. 
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3.2 The five- dimensional RG flow 



In order to obtain the beta functions for the running couphngs in the truncation ansatz 
we must insert (3.1) into the flow equation (2.1), compute the trace on its RHS, and 
project it on the various monomials. For bimetric truncations computations of this kind 
are considerably more involved than in the single metric case. In the present situation where 
one must retain only one power of hfj,i, the calculation still can be done in a comparatively 
elegant way. Some details, in particular the new strategies to cope with the /i^uj^-dependence 
are given in the Appendix. Here we only present and analyze the results. 

As we are not interested in the renormalization of the matter sector we only include 
a mass term in the potential: Uk{A) — ^fh\A?. The dimensionful mass fhk has the same 
value for all components of A, and we neglect its scale dependence, fhk = fh. The RG 
equations are most conveniently written down in terms of the dimensionless quantities 
ruk = m//c, E'fc, and 



(0) 



A 



(0) 



k ' 



A 



(1) 



2a(1) 



(3.4) 



Furthermore, it is convenient to introduce the following anomalous dimensions for the two 
running Newton constants: 



(0) _ dtGf d,G^^^ 



Vn = 



G 



(0) 



Vn — 



G 



(1) 



(3.5) 



For the couplings of order zero in h^i,, the RG equations assume the following form: 



(0) 



d-2 

(0) 

Vn - 



(0) 

Vn 



(0) 

9 k 



Af + 2n.(47r)-^/^^r K^mt) . 



l-d/2 (0) ^1 



(3.6a) 
(3.6b) 



Similarly, one finds at order one: 
a (1) 



9?' 



r^«-2 X'^^ - uA^Try-'/' g'^^ [(ci - 2) $ 



.(1) 



l-d/2 Jl) 



d/2+1 



(3.7a) 

+ 2ml^%^{ml)\ , (3.7b) 



9, Ek = [i(rf - 2) + Ek] + I Us {A^f-'^'' ml 



(3.7c) 



The anomalous dimensions are explicitly given by 



(0) 

Vn 



|n.(47r)-^/^,f $i/2-i(mD, 



v'n' -{nsiA^f-'^/'gi^ 



(3.8a) 
(3.8b) 
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Various remarks are in order here: 

(A) The above five ordinary differential equations for gf'^\ A^°'^\ and form two sets 
which are completely decoupled: the order zero quantities gf^ and A^°^ enter only the 
coupled system (3.6), while the order-one couplings g^j^\ \^^\ and occur only in the 
three-dimensional system (3.7).^ 

(B) The two-dimensional subsystem for the order zero quantities, eqs. (3.6a) and (3.6b), 
is exactly what one obtains in a conventional single metric truncation, with gf^ = g^^ and 
A["^ = A^.^"* interpreted as "the" Newton and cosmological constant, respectively, [17]. 

(C) The above equations make it manifest that the RG flow does indeed generate spht 
symmetry violating terms: the beta function of E^. is nonzero, and the beta functions for 
the zeroth and first order Newton and cosmological constants are different. 

(D) As we want split symmetry to be restored at A: = 0, the constants of integration 
contained in solutions to the above RG equations must be chosen in accord with (3.3). 
This does not fix them completely, of course, but reduces the set of undetermined coupling 
constants to the one arising in the single metric computation. 



3.3 Nontrivial fixed points in the large N approximation 

We close this section by studing the fixed point structure of the RG fiow defined by the 
above equations. In the large hmit N = Ug ^ oo the renormahzation effects due 
to the matter fields overwhelm those stemming from the gravitational field which have 
been neglected here. Hence it makes sense to ask whether the above RG equations admit 
"asymptotically safe" solutions, i.e. RG trajectories which run into a non-Gaussian fixed 
point (NGFP) when /c — )■ oo. 

For the sake of simplicity we restrict the discussion to d = 4 and m = 0. The system 
for the order- zero quantities (3.6) then becomes 



aA!,°> = 



2 + ,™ 



(0) 
9 k 



(0) 

Vn 



n 



(3.9a) 
(3.9b) 



^The complete decoupling of the two sets of gravitational flow equations is accidental, however, and 
owed to the simplicity of the model. In a more elaborate framework, which also includes the quantum 
eff'ects in the gravitational sector, the coupling constants appearing at higher orders in the /i-expansion 
will, in general, "feed back" into the beta functions capturing the running of the coupling constants at 
lower orders [30, 64]. 
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The three coupled equations for the order-one couphngs (3.7) simpHfy to: 

3,9^^ ^[2 + ^'^] g^^ , V^i^ = ^9^'m, (3.10a) 
V^n'-^I x^' -^g^'m, (3.10b) 



d,Et=[l + Et]ri)i>. (3.10c) 

Owed to their decouphng, the two sets of equations can then be analyzed independently. 

It is easy to see that both the order zero and the order one subsystem has a Gaussian 
fixed point (GFP) as well as a non-Gaussian fixed point (NGFP). From (3.9) we read off 
that the beta functions of g^^ and A^."^ vanish at the following two points: 

GFPW: ^f = 0, Af = 0, (3.11a) 

NGFP(°): # = AW = --|M. (3.11b) 

^* n,$i(0)' * 2 <l>}(0) ^ ^ 

The zeros of the order one beta functions are: 

GFP(^) : = 0, A1^) = 0, arbitrary, (3.12a) 

NGFPW • fl(^) - - - "^3(0) E --1 12b^ 

^^^^^ ■ ^* - n,$i(0)' ^* "2 $1(0)' *" 

The following points should be noted here. 

(A) Any fixed point of the order zero system may be combined with any fixed point of the 
order one equations. Hence we find four fixed points of the total system; symbolically: 

GFP(°)(8)GFP(^), GFP(°)(8NGFP(^\ NGFP(°)®GFP(^), NGFP(°)(8NGFP(^) . (3.13) 

(B) The constants $^(0) are cutoff scheme, i.e., i^'^^^-dependent, but their signs are univer- 
sal. At both non-Gaussian fixed points the respective Newton constants assume negative 
values. (In the case of gi°^ this was known already [17].) Inserting the "optimized" shape 
function as an example one finds: 

NGFP(°): # = - — , AW = -^, (3.14a) 

NGFPW: gi'^^- — , A« = i, ^ -1 . (3.14b) 

Note also the different signs of aI^-* and X'^\ 

(C) While we knew already from the single metric truncations that there exists a NGFP 
in the order zero sector, the result concerning a nontrivial fixed point at order one is new. 
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Clearly this is encouraging news for the Asymptotic Safety program. It requires a fixed 
point on the "big" theory space spanned by functional of the type r[A,h;g], and they 
comprise terms of all orders in h^i,, of course. 

(D) If there was no split symmetry breaking the fixed points in the zero and first order 
sectors were related, with (3.3) implying 

gi'\ (3.15a) 
AW, (3.15b) 
0. (3.15c) 

Clearly the explicit results (3.14) are far from satisfying these relations, and we must 
conclude that the violation of the split symmetry due to the mode cutoff has a significant 
impact on the fixed point structure. It needs to be emphasized that it is quite nontrivial 
that the known single metric fixed point did not get destroyed within the more general 
bimctric truncation. Wc rather find that it splits into two different ones, one at the zeroth 
and another one at the first level of the /?.^j,-cxpansion. 

(E) The running coupling enters the action (3.1) via the combination 

G^"" -^Ekg'"' R = R"" -l{l + Ek)g^'' R. (3.16) 

The NGFP^^^ fixed point value £■* = — 1 is quite special therefore. It is precisely such 
that the Einstein tensor is converted to a pure Ricci tensor. Note that also that at the 
Qpp{i) value of £■* is arbitrary: if g^f}'' — 0, the RHS of (3.10c) vanishes whatever is 
the value of E^. So strictly speaking we encounter a whole line of fixed points. Imposing 
spht symmetry leads to £■* = though. 

(F) Imposing the restauration of spht symmetry at /c = 0, it is possible to solve the RG 
equation (3.10c) explicitly for Ek in terms of G^f^\ for all values of k 

£;, = G«/Go-l. (3.17) 

Here Go is the common value of and at A; = 0. In the semiclassical regime we 
have approximately G^^^ = Go [l + ^^{0) Gok'^] and Ek - ^*i(0) Go A;^, hence Ek is 
a tiny number of order k'^/rupy there. 

(G) The negative sign of gi^^ and gi^^ is of no relevance to the formal considerations of the 
present paper; actually g^^ is known to be positive for fermionic matter fields [17]. 
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4 Tadpole equation and self-consistent backgrounds 



One of the perhaps somewhat unusual features of the effective average action at A; 7^ 
is that its field-source relations ( "effective field equations" ) which govern the expectation 
value fields involve Fjt = Fjt + A^S rather than Ffe. In an arbitrary theory with dynamical 
(i.e., non-background) fields $i these relations read, for vanishing sources [37], 

Since, symbohcally, AkS oc J$7?.fe the last term in eq. (4.1) equals essentially TZk^i- It 
vanishes at A; = since TZq = by construction. 

For the gravity-scalar system of the present paper the set ($j) comprises A and hni,. 
The effective field equation for the scalar reads 

A similar equation, involving a term TZ^ h^^, holds for the metric fluctuation. This latter 
equation simplifies when wc search for self-consistent backgrounds, since then we impose 
h^u = so that the TZk hfiu term is absent. Hence the generalization of the tadpole equation 
(1.3) for A; 7^ reads simply 

^ rk[A,kr''n - =0. (4.3) 

h=0 



We call 

^seifcon ^ self-consistent background metric for the scale k if there exists a scalar field 
configuration A{x) such that the coupled system of equations (4.2) and (4.3) is satisfied. 

For the truncation ansatz (3.1) the scale dependent equation (4.3) reads exphcitly, 
omitting the superscript from ^seifcon^ 

-lE^r^R^ = Stt G^') T'^'^ [A, g\ . (4.4) 

Here T^^ denotes the Euclidean energy-momentum tensor 

1 5 



(4.5) 

9=9 

Mr 



Within the truncation studied above the matter part of the average action, Tf-[A^ g^g]^ is 
given by the last line in eq. (3.1). In this section we are slightly more general and allow 
for an arbitrary matter action which may have an "extra" ^-dependence. Above, such a 
dependence was excluded by the form of the ansatz, but in more general truncations an 
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"extra" ^-dependence can be induced by the RG running. At /c 7^ gravity interacts with 
matter not only via the full metric g = g + h, but also by split symmetry violating "extra" 
^-couplings. 

The condition for a self-consistent background (4.4) differs from Einstein's equation by 
the Ek-teTm on its LHS. This term is not forbidden by any general principle since (4.4) is 
not the variation of a diffeomorphism invariant functional F[A,5f], evaluated ai g = g. If 
it was, the pure gravity part in the 2-derivative sector of F[A,5f] could only be J ^R{g), 
which produces a pure Einstein tensor with no E'fe-correction. In fact, the Ek-teim owes its 
existence to the violated split symmetry or, stated differently, to the bimetric character of 
TklA.g.g] = rk[A,h;g]. What goes beyond the familiar variational principle that would 
lead to the standard Einstein equation is precisely the "extra" ^-dependence of Tk[A, g, g]. 

Interestingly, the tadpole equation (4.4) can be written as an ordinary Einstein equa- 
tion, with no E'fe-term on its LHS, but with a modified energy momentum tensor on its 
RHS. To see this we take the trace^ of (4.4) 

If we substitute this formula for the curvature scalar into the Ek-term of (4.4) we arrive 
at a conventionally-looking Einstein equation 

= -A^'^ g^"" + Stt G^'^ f^'-'lA, g] . (4.7) 

Yet, this equation contains a rescaled cosmological constant, 

(1) 



and a modified energy-momentum tensor 

T'^'^iA, -g] ^ T'^'^IA, -g] - ^^y^Ie^ ^''^'^^ ^"^t"^' " ^^"^^ 

The ordinary Einstein equation comes with a nontrivial intcgrability condition which 
is of central importance, both from the mathematical and the physical point of view. 
As a consequence of Bianchi's identity, the equation is consistent only when the energy- 
momentum tensor is covariantly conserved. For the tadpole equation (4.4) the situation is 
more complicated. Applying 5^ to it we obtain 

D,T^''[A,-g] = -^-{snG^^^y E, r^d^R. (4.10) 



^For simplicity we set d = 4 here. 
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We see that ii Ek 0, the existence of a self-consistent background requires that the 
energy-momentum tensor is not conserved, D^T^^ ^ 0, unless d^R = 0. Using (4.6) we 
can re-express (4.10) as 

D.T^'iA, -g] = ^(jfl^ r^D, [g^pT'^^iA, g]) . (4.11) 

Again, we see that T^" can be conserved only if the trace ga^T"'^ , and therefore R, happens 
to be constant. 

Equivalently, we could have started form the form (4.7) of the tadpole equation. Then 
the integr ability condition is D^T^^ — which, when rewritten in terms of T^^, likewise 
leads to eq. (4.11). 

So, given this new kind of integrability condition at finite k, can we actually expect the 
tadpole equation to have solutions? First of all it is clear that for T^" — the effective 
Einstein equation is of the standard type, so for pure gravity^ the situation is the same as 
in classical general relativity. 

As for gravity coupled to matter, in classical relativity a standard argument shows 
that the energy-momentum tensor is conserved if the matter action is invariant under 
diffeomorphisms and the matter fields satisfy their equations of motion. Remarkably, the 
same argument does not go through for the tadpole equation at A; 7^ 0, for two independent 
reasons. Indeed, as r^^[A,(7,(^] is diffeomorphism invariant it satisfies a Ward identity of 
the form (1.8) which, with (4.5), can be seen to imply at g = g 



\/g 5A ^ 



(4.12) 



9=9 



Note that the first term on the RHS of (4.12) is not in general zero when A is on shell, 
the reason being that (4.12) involves 5V]^/5A while the equation of motion is (4.2), or 
5V]^/5A = —y/g7lk[g] A. Thus, this term equals g^'^ {d^A)7lk[g] A and so it is nonzero 
even when A is on-shell. However, as it should be, it vanishes in the limit A; — )■ 0. 

The second term on the RHS of (4.12) is nonzero precisely when has an "extra" 
^-dependence. As we discussed already, this dependence must disappear for A; — > 0, but at 
finite k there is no reason why the RG evolution should not generate such a ^-dependence. 

So we can summarize the situation with matter by saying that, on the one hand, the 
integrabihty of the tadpole equation generically requires a non-conserved T^'^ at /c 7^ 0, 
and that on the other hand the very structure of the average action entails that the coarse 



''While this case is not considered in the present paper, we expect that in pure quantum gravity, too, 
an E'fc-term is generated. 
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graining and the RG running actually do produce a non-conservation of a certain type. 
Whether this generic non-conservation of T'^^ is such that it renders the tadpole equation 
integrable cannot be assessed by general arguments but only in special examples; we shall 
come back to this issue elsewhere. 

It should also be emphasized that for the existence of an asymptotically safe funda- 
mental theory it is by no means necessary that there arc self-consistent backgrounds for all 
physical situations. Such backgrounds are merely a convenient tool for the visualization of 
special properties and predictions of the theory, but they are not needed for its construction 
in terms of an RG flow on theory space. It is quite conceivable that in a regime where 
the quantum effects are strong no self-consistent background will exist, indicating that the 
concept of a classical mean field metric breaks down there. 

5 Conclusion 

The gravitational average action approach to quantum gravity solves the "background inde- 
pendence" problem by giving an extra ^-dependence to Fj.. The average action T};[g^,j, g^,^, • • • ] 
is inherently of a bimetric nature. In particular a functional flow equation which is exact 
in Wilson's sense can be formulated only on a theory space of functionals depending on 
two metrics. Almost all investigations within this framework performed to date employ 
truncations which retain only the minimum extra ^-dependence due to the gauge flxing 
term. A comprehensive analysis of the extra background fleld dependence is highly de- 
sirable, however, both for improving the quality and precision of the predictions, and for 
gaining insights into various structural issues and problems which are obscured in a single 
metric approximation. In particular in the Asymptotic Safety context bimetric trunca- 
tions are likely to be unavoidable in order to improve upon the precision that has been 
achieved already. In fact, in a flrst investigation based upon a bimetric ansatz [30] utilizing 
the conformally reduced gravity framework, it was found that the modiflcations caused by 
the generalization of the truncation are probably larger than the typical scheme depen- 
dence within the original single metric truncation. Generalizing these investigations to full 
fledged gravity is difficult because of the complicated functional traces appearing in the 
FRGE. 

In the present paper we took the flrst step in this direction by computing the RG 
flow of a bimetric action T}J[A^ g, g] for a set of scalar flelds interacting with all irreducible 
components of the metric. Yet, to simplify matters and to make the structural issues as 
transparent as possible, we neglected the contribution of the metric fluctuations to the 
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corresponding beta functions. This system was known to display a non-Gaussian fixed 
point when analyzed within a single metric truncation [15, 17]. As for the Asymptotic 
Safety program, our most important finding is that the bimetric truncation, too, gives rise 
to such a fixed point, a very encouraging result indeed. 

On the conceptual side, the discussions in this paper should have made it clear that in 
an RG context there is no such thing as "the" Newton's constant, or "the" cosmological 
constant. At scales k ^ the split symmetry which ties together h and g is broken by 
the cutoff, and therefore an expansion of VklA, h; g] in powers of h contains an infinite set 
of different field monomials, and hence running couplings, which degenerate to the same 
quantity at the physical point k = 0. For instance, there is a whole zoo of cosmological 
constants A^^'* , A^^'* , A^^ . In the ^-expansion of Tk they are the coefficients of the 
monomials which arise when we expand y/g = ■\/det{gnv + h^j^i,) with respect to /i^^. Those 
monomials are characterized not only by the number of /I's they contain, but also by their 
tensor structure. At order h?, for instance, the two basis monomials are (g'^'^hixu)'^ and 

Similar remarks apply to the sectors with a nonzero number of derivatives acting on h 
and/or g. If I[g] — I[g + h] is any invariant built from a single metric we can expand it 
in h and arrive at a representation I[g + h]— X^^o'^ciass ^^"'Kh; g]. Again, the expansion 
generates infinitely many diffeomorphically invariant monomials in h, /^"^[/i; g]. We assume 
that they are normalized in some canonical way ( "unit prefactor" ) . Hence the Taylor series 
gives rise to a well defined set of coefficients licUss multiplying them. It is convenient to 
take the /("^'s as a subset of the basis elements spanning theory space. Then a single 
invariant I[g], depending on one metric, is seen to supply infinitely many terms to be 
included in r^, and these terms depend on h and g independently. As split symmetry is 
broken in general they evolve differently under the RG flow. Hence the corresponding part 
of Tk reads '"fc^^-^*'"^'' '^ith fc-dcpcndcnt coefficients m^""*. Only if split symmetry 

happens to be intact we have = u^^^l^^ for all n. 

Imposing the restoration of split symmetry at A; = provides a relation between these 
coupling constants, fixing the initial conditions Mq"^ = m|."2ss all n, while coupling con- 
stants not associated to an expansion of I[g + h] have to vanish. This reduces the un- 
determined couplings governing "asymptotically safe" RG trajectories to the ones present 
in the single metric case. In other words, moving from the single metric to the bimetric 
setup does not result in a proliferation of coupling constants, as one could have expected 
initially. 

In Sections 3 and 4 we made this structure explicit, working at the lowest nontrivial 
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order of both the h- and the derivative-expansion. We derived the RG flow of the terms 
hnear in h, investigated its fixed point properties and, as an apphcation, set up the tad- 
pole equation for self-consistent background geometries. Even at the two-derivative level 
this A;-dependent field equation for g does not exactly have the structure of the classical 
Einstein equation. As it cannot be obtained as the variation of any single metric action, 
further tensor structures are possible. As demonstrated in Section 4, the two-derivative 
approximation of the tadpole equation can be rewritten in the style of Einstein's equation, 
but with a non-standard source term on its RHS. It also contains still another running 
cosmological constant, A[.^\ 

In Section 2 we performed a complementary analysis, for constant metrics g^j^^ and g^j^^ 
only, but without assuming that h — g — g is small. Studying the RG flow of all possible 
non-derivative terms we saw that, contrary to common belief, it is not predominantly a 

term which is induced by the vacuum fluctuations of the matter flelds, but rather ^yg 
and more complicated invariants involving both metrics. Even though this observation by 
itself is not a solution to the cosmological constant problem it suggests that the possibihty 
of vacuum fluctuations curving spacetime should be investigated with much more care. 
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A Beta functions for the derivative- and /i-expansion 

In this appendix we derive the RG equations (3.6) and (3.7) resulting from the truncation 
ansatz (3.1). 

A.l The master equation 

Using eq. (3.1) as the LHS of the FRGE (2.1), we obtain the following "master equation" 



a(0)\ . . , . 



G 



(0) 



G 



(0) 



R 



4^ 

2 \ G 



(1) / ^^""^t^^ ~ 4 ^* 



Eh 



G 



(1) 



Rg^'^'h 



Tr 



(A.l) 



from which all beta-functions for the running coupling constants can be read off, by match- 
ing the coefficients of the h and derivative expansion on both sides. Thus we must expand 
its RHS in h^^, and retain all terms of order zero and one. The field h^y appears only inside 
the Hessian 

[A,g = -g + hrg] = Tf[A, g, g] + 5Tf[g] + 0{h%) . (A.2) 

Here, by definition, (^F^.^-'f^] stands for the term linear in /i^,^. Upon inserting (A.2) into 
the functional trace of (A.l) and expanding the denominator we see that the RHS of the 
master equation (A.l) is given by the sum of the following two traces, containing the order 
zero and order one contributions, respectively 

1 



To =-Tr 
" 2 



1 



Tr 



[A,^,^] + 7^fc[^]) dtnk[g]5v'^^\g] 



^(2) I 



(A.3) 
(A.4) 



In the sequel, we will evaluate these traces up to first order in the background curvature, 
employing early-time heat-kernel techniques. 



A.2 Matrix elements of rf ^ and 5V^ 

We start by computing the position space matrix elements (2.2) for the functional (3.1). 
For ^ 7^ 0, i.e., g^g 



(2) 



2 y/^y/^ 



Vaix) S{x -y) + \/~g{y) ^{x - y) 
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+ 



Ui:{A{x)) 5{x-y). 



(A.5) 



Note the occurrence of both g and g in (A.5). As always, □ = g^'^D^Di, stands for the 
Laplacc-Behrami operator built from (7^,^. Further expanding the matrix elements (A.5) 
up to first order in h^i, we obtain the linear term, with the abbreviation 7 = \g^^h^u-i 



xy 



^^""^ S{x -y) + S{x - y) 



1 



SO^ 5{x -y) + 



1 



X) 



SDy 5{x-y) 



9=9 



+ 



U',:(A(x)) 5(x - y) . 



(A.6) 



Formally this result is obtained by applying a variation Sg^^, — h^i, to (A.5) and setting 
g — g afterwards. The variation of the Laplacian, (5n|^^_, is left unevaluated for the time 
being. In fact we shall see that there is a very elegant way of calculating this type of traces 
without relying on explicit expressions. 



A. 3 Associated differential operators and IR-cutoff 



Applying the rule described in the paragraph following eq. (2.2) we can associate a differ- 



ential operator to the matrix elements (F^^^)^ . For (A.5) this yields 



xy 



X) 



-□ + W^(A)]. 



In particular, ior g — g, 



r'i^[A,g,g]^-D + U'>:iA). 



Analogously, the differential operator resulting from (A.6) is 



6r 



(2) 



j{x)n + n\j{x) + dn + {dny 



+ ^{x)U'^{A). 



(A.7) 



(A.8) 



(A.9) 



Here the hermitian adjoint operator {SOy is defined with respect to the inner product 
given by (A, ^2) = J d'^x^/^Ai{x)A2{x). 

At this point a word of caution might be appropriate. While the matrix elements of 

(2) (2) 

SFj, can be obtained by applying a formal variation "5" to those of F^ , the same is not 
true for the associated differential operators. If we naively apply a "5" to eq. (A.7) the 
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result is not the (correct) equation (A. 9); in place of the hermitian combinations jD + Dj 
and Sn + {Sni)\ respectively, we would obtain the non-hermitian operators and 260. 
Considering (A. 8), we can see that the correctly adjusted cutoff operator is given by 

n,[g] = (-5) = Uki-U) , (A.IO) 

since then 

r'i\A,g,g]+nk[g] = -□ + TZkig] + U'i^A) , (A.ll) 

so that the inverse propagator of the low momentum modes becomes —H + k^+Uk, as it 
should be. 



A. 4 The relevant traces 



Let y : R R be an arbitrary real valued function. Then V{D^{g))^ = V{D^{g)) is 
hermitian with respect to (•,•), whence Tr[V {D"^ (g))] is real for any metric g^jy. As a 
consequence, 5Tr[V(D'^(g))] = Tr[V'{D'^{g))5D'^] = Tr[V(D'^{g + h))] - Tr[V(D'^(g))] is 
real, too. Furthermore, since Tr[^^] = Tr[^]* for any matrix A, we may write 



Tr 



V'{D\-g))dD 



= Tr 
= Tr 
= Tr 



{v'{Dr9))SD^}'] 

{sD^'{v'iDr9))y 

v\Drg)){sD^y] . 



This relation implies, for an arbitrary function F = V, 

1 



-Tr 



F(n) 5n + 



Tr 



F{D) SD 



Likewise exploiting the cyclicity of the trace we have 



-Tr 



F{n) (70 + 07) 



Tr 



F{D) 07 



(A.12) 



(A.13) 



The identities (A.12) and (A.13) imply that under the trace (A. 4) we may effectively 
replace the operator ^F^^^ of eq. (A. 9) with [ — □ + Uk{A)]^ — SO. As a consequence of 
this, and also by using (A. 9) we may rewrite Tq and Ti = + Tf according to 



Tn Tr 



Tf^-- Tr 
^ 4 



= - - Tr 
^ 2 



- □ + 7^fe(-□) + W^^)) ''dtUki-U) ( - □ + W^(A)) r^h 

- □ + 7^fe(-□) +Wi^(A))~'9t7^fe(-□) 5{-D) 



(A.14) 
, (A.15) 
(A.16) 



Thus the RHS of the master formula is given by the sum Tq + Tf^ + Tf. 
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A. 5 Explicit evaluation of the operator traces 

We are now in the position to compute the traces Tq, T^, and Tf exphcitly. From now on 
we set U'k — =const, as in the main text. 

(A) Evaluation of Tq 

The trace Tq of (A. 14) provides the order zero contribution that occurred already in the 
single metric truncation. It is straightforwardly evaluated using the familiar heat kernel 
based expansion [1] 

Tr[W{-D^)] = (47r)-'^/^tr(/) !^Qd/2[W] J d'^Xy/g + lQd/2-i[W] J d^x^R + 0{R^) 

(A.17) 

with = Yjn) Io° W{z) and tr(/) denoting the unit-trace with respect to the 

internal indices which, in our case, just counts the number of scalars. The result is most 
conveniently expressed in terms of the standard threshold functions [1] 

^niw) = z^TT^ dzz^^^j ^4- (A.18) 

' r{n)jQ [z + Rio){z) +wY 

Applying (A.17) to (A. 14) yields, retaining terms with at most two derivatives of g^i,, 

To = (^|^'^^/2(^') / d'xV§ + i k''-' / d'^^v^^l . (A.19) 

(B) Evaluation of 

The trace is also fairly simple to compute since the local form of (A.17) suffices for this 
purpose. In fact, when we evaluate the trace (A. 15) in the position space representation 
we may pull out the position dependent operator g^^{x)h^i,{x) from the matrix element by 
virtue of the eigenvalue equation of x: 

T^^ jd'x {x\ {■■■}r''{x)h^.{£) \x) 

d''x{x\{---}\x)r''ix)KA^)- (A.20) 



Using the local analog of equation (A.17) for the diagonal matrix element • • we 
arrive at 

' [{d-2) ^l/,{m') + $d/2-i(^')] / d^xy/^R^^u. 



24(47r)<='/2 



(A.21) 
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(C) Evaluation of Tf 

In general the evaluation of traces involving factors of SO requires very lengthy computa- 
tions and this is in fact the reason why we restrict ourselves to the first order in h^i, in the 
present paper. The trace (A. 16) has the structure Tr[{- ■ • }Sn] with a single 60 insertion 
only, and such traces can be calculated very elegantly by means of the following trick. The 
expansion (A. 17) is identically satisfied for all metrics g^^. We may therefore perform the 
variation g^^ — > g^,^ + Sg^i, on both sides of this expansion. After a short calculation the 
result is found to be 

Tr[w{-D')S{-D')]^j^^tr{I) J d'x^!^- \Qa/2+i[W] g'^'^ 

+ 1 Qd/2[W] (g^^' - D^D^ + g^^D^) . (A.22) 

With this identity in our hands it is now straightforward to calculate . Applying 
(A.22) with g^jti, — g^^i, and Sg^i, — h/^i, to (A. 16) we find, discarding surface terms, 

^ ' ^ (A.23) 

-6(5^^'"*^/^^^'^ J d'^^^'^^V- 

The analogous computations at order h^^ and higher are considerably more involved [65]. 

(D) The beta functions 

The RHS of eq. (A.l) is explicitly known at this point; it is given by the sum of (A. 19), 
(A. 21) and (A.23). By equating the coefficients of like field monomials on both sides of 
(A.l) we can now read off the beta functions for the various combinations of coupling 
constants. Expressing the result in terms of dimensionless variables we thus arrive at the 
final results given in eqs. (3.6) and (3.7) of the main text. 
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